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Abstract
The mobility of dislocations is an important factor in understanding material strength.
Dislocations experience a drag due to their interaction with the crystal structure, the dom-
inating contribution at high stress and temperature being the scattering off phonons due to
phonon wind. Yet, the velocity dependence of this effect has eluded a good theoretical under-
standing. In a previous paper, dislocation drag from phonon wind as a function of velocity was
computed from first principles in the isotropic limit, in part for simplicity, but also arguing
that macroscopically, a polycrystalline metal looks isotropic. However, since the single crys-
tal grains are typically a few microns up to a millimeter in size, dislocations travel in single
crystals and cross boundaries, but never actually see an isotropic material. In this work we
therefore highlight the effect of crystal anisotropy on dislocation drag by accounting for the
crystal and slip plane geometries. In particular, we keep the phonon spectrum isotropic for
simplicity, but dislocations are modeled according to the crystal symmetry (bcc, fcc, hcp, etc.).
We then compare to the earlier purely isotropic results, as well as to experimental data and
MD simulations where they are available.
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1 Introduction
A fundamental problem in the dynamic response of solid metals are the mechanisms contributing
to the so-called drag coefficient of dislocations under high stresses and strains: Moving disloca-
tions (curvilinear defects in the crystal structure of the metal) experience a drag due to their
interaction with the crystal structure, and represent a major factor in the understanding of ma-
terial strength. Hence, many dislocation based material strength models require the dislocation
drag coefficient B as one of their input parameters (typically determining the dislocation glide
time between obstacles), see e.g. [1–7]. B is usually assumed to be a constant (or a constant over
a simple “relativistic” factor) as a fist order approximation. Hence, more insight into the true
functional form of this drag coefficient could improve those models.
Several mechanisms contribute to the dislocation drag, and depending on the temperature,
pressure and dislocation-velocity (or stress) regime, different mechanisms dominate [8, 9]. For ex-
ample, at low stresses, the dislocation mobility is limited by various potential barriers within the
crystal. Such obstacles can be overcome by a dislocation either by thermal activation (if the tem-
perature is high enough) or by high enough stress levels. When the stress level becomes “critical”,
i.e. high enough to easily overcome the highest potential barrier, the dislocation drag becomes
viscous in character, and a significant change in the stress-velocity dependence from non-linear
to approximately linear takes place. In this high stress regime, where typical dislocation speeds
are within a few percent of transverse sound speed, the dominating contribution to the disloca-
tion drag coefficient (at temperatures around and above the Debye temperature) is the dissipative
effect1 of scattering off phonons (“phonon wind”).
The theory of phonon wind has a long history, being pioneered by Leibfried and others [10–14],
significantly improved from first principles by Alshits and collaborators [15–17], and was nicely
reviewed in [8, 9] (which may also be consulted for additional references). Due to the simplicity
of Leibfrieds expression for dislocation drag (B ∼const.×T), which represents the limit of high
1Other dissipative effects, which we do not touch upon in this paper as they are subleading in the regimes we are
interested in, are the so-called thermoelastic damping, the flutter effect, and the radiation damping, see Ref. [8] for
details.
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temperature T and small dislocation velocity in an isotropic continuum, it is still used today (de-
spite its limitations) as an empirical fitting function to extract information on dislocation mobility
from discrete lattice simulations [18–20]. In these examples, the additional damping in the high
velocity regime is then accounted for empirically by adding a T-independent term which grows
like
p
v above some threshold velocity v> v0, and which is based on Eshelby’s arguments [21] for
screw dislocations in an isotropic continuum supplemented by an anisotropic dispersion relation.
The latter term is in stark contrast to the “relativistic” factors ∝ 1/(1− v2/c2)m with different ex-
ponents m and a limiting (sound) speed c introduced by many authors (see e.g. Refs. [1, 2, 6, 7]
among others) based on equally empirical arguments. Thus, a better understanding of dislocation
drag from first principles at high velocities and for arbitrary crystal geometries is clearly needed.
For a wide range of velocities (already starting at low velocities where phonon wind is a sub-
leading effect), the contribution to the drag coefficient due to phonon wind is roughly constant.
However, at very high velocities (i.e. more than a few percent of sound speed) the drag coefficient
due to phonon wind becomes velocity dependent, indicating once more a non-linear stress-velocity
dependence, and it is this regime we are primarily interested in here.
Existing continuum models of dislocation drag due to phonon wind [9] assume that the disloca-
tion velocity is much smaller than the speed of sound in the material, and do well in describing the
viscous regime. However, for materials under high stress this assumption must be re-examined
for a more realistic calculation of the dislocation drag coefficient, including its velocity depen-
dence. As a first step we study the velocity dependence in the subsonic regime, and intend to
extend the theory to include dislocations moving at transonic and supersonic speeds in future
work. The motivation for the latter comes from recent MD simulations and experiments which
indicate the existence of dislocations moving at supersonic speeds — at least in certain materials
such as plasma crystals [22], see also [18, 23–29] and references therein.
In a previous paper [30], dislocation drag from phonon wind (from purely transverse phonons)
was computed in the isotropic limit, mainly for simplicity, thereby generalizing the earlier mod-
els described in [9] to higher velocities. However, since the single crystal grains are typically
a few microns up to a millimeter in size, dislocations travel in single crystals and occasionally
cross boundaries, but never actually see an isotropic material. The purpose of the present paper
is therefore to highlight the effect of crystal anisotropy on the dislocation drag coefficient from
phonon wind by accounting for the crystal and slip plane geometries. As a first step towards a
more sophisticated model, we keep the phonon spectrum isotropic for simplicity, but dislocations
are modeled according to the crystal symmetry (bcc, fcc, hcp, etc.). We then compare to the purely
isotropic results (now including also longitudinal phonons and thus generalizing [30]), seeing
some deviations especially at high velocity, but even at small velocities for some materials. For
the isotropic limit we use experimental polycrystalline elastic constant data. These deviations are
expected since the present “semi-isotropic” approximation is able to capture features which are
lost in the purely isotropic limit, such as the dislocation character dependence. Additionally the
uncertainties in the experimental determination of elastic constants (both single and polycrys-
talline) — especially at third order — might also contribute to the deviations seen between the
two methods for pure screw and edge dislocations at low velocity. In the high velocity regime, the
observed large deviations between the two methods are expected since the position of divergences
in the dislocation displacement gradient fields depends on the crystal geometry [31].
The outline of this paper is as follows: In Section 2 we start by reviewing the phonon wind
contribution to the drag coefficient in the continuum approximation, following Ref. [30] for the
purely transverse phonons, and subsequently generalizing to include also longitudinal phonons
in Section 2.3. We then explain how to generalize the model to include anisotropic crystals, albeit
3
assuming for simplicity an isotropic phonon spectrum. In Section 2.4 we then review the method
of deriving the displacement gradient field of a dislocation moving at constant (sub-sonic) velocity
and define the slip systems considered in the present case; see [31, 32] and references therein
for details. Finally, in Section 3 we present our results for dislocation drag in various metals
of cubic, hexagonal, and tetragonal symmetry, and compare them to earlier experimental data,
MD simulations, as well as our previous (more crude) purely isotropic model of [30], albeit now
including also longitudinal phonons.
2 The phonon wind contribution to the drag coefficient
2.1 General considerations
In this work, we consider the harmonic approximation (where displacements are small compared
to the lattice spacings) and take the continuum limit. We are interested in the interaction of
phonons with a single moving dislocation in a crystal. Details of the derivation of the according
Hamiltonian in the continuum description can be found in Ref. [30] — see also [9] and references
therein for earlier work on this theory. Hence our starting point is the following Hamiltonian2:
H =H0+H′(t) , H0 =
∑
~q
ħωq
(
a†qaq+
1
2
)
,
H′(t)=
∫ 2qBZ
0
dq q
(2pi)2
∫ 2pi
0
dφe−iqv|cosφ| t
∑
~q′
Γq′,q′−q(q,φ)ξ†q′ξq′−q ,
Γq′q′′(q,φ)= ħ4ρpωq′ωq′′
∑
i, j,k
dkk′(q,φ)w∗q′ iwq′′ j
∑
i′ j′k′
q′i′q
′′
j′ A˜
i′ j′k′
i jk , (2.1)
consisting of the usual kinetic part for the phonons H0 and the interaction between phonons
and the dislocation H′. Following Ref. [9] we used the shorthand notation (or super-indices)
q′ := {~q′ , s′}; hence Γq′q′′ := Γs′s′′(~q′ ,~q′′). Note that differences of super-indices mean the following:
ξq′−q := ξ~q′−~q,s′−s and ξ~q,s = a~qs+a†−~qs. The phonon polarization vectors wqi :=wi(~q, s) satisfy the
properties wi(−~q, s)=w∗i (~q, s) and
∑
iw∗i (~q, s)wi(~q, s
′)= δss′ (orthonormality). The dimensionless
phonon creation and annihilation operators satisfy the standard commutation relations[
a~qs,a
†
~q′ s′
]
= δ~q,~q′δss′ ∀(~q−~q
′
) ∈ inverse lattice vectors, (2.2)
and all others vanishing. An important point to note here, is that we use, as an approximation,
the isotropic Debye phonon spectrum using the effective Lamé constants of the polycrystal, i.e.
“transverse” phonons are assumed to travel with a transverse sound speed computed from the
effective polycrystalline shear modulus µ.
Our Hamiltonian (2.1) describes the interaction of phonons with (edge and screw) dislocations
along the z-axis, moving with velocity v in the x-direction, and depending on the two-dimensional
wave vector ~q = (qcosφ,qsinφ) of the dislocation. The field of displacement gradients due to the
dislocation (in Fourier space) is denoted here by dkk′(q,φ) and we will derive expressions for
moving edge, screw, and mixed dislocations in Section 2.4. The phonon wave vectors ~q
′
, ~q
′′
lie in
the first Brillouin zone and thus the dislocation wave vector satisfies |~q| = |~q′ −~q′′ | ≤ 2qBZ due to
momentum conservation. For the edge of the Brillouin zone, we estimate qBZ in such a way that
2 Essential steps in deriving this expression are briefly outlined in Appendix A, albeit we refer the interested reader
to Refs. [9, 30] for further details.
4
it represents the radius of a sphere whose volume equals the unit cell volume in Fourier space,
i.e. qBZ = 3
√
6pi2/Vc where Vc denotes the volume of a unit cell.
Furthermore, ρ denotes the material density and the coefficients A˜ i
′ j′k′
i jk depend on second and
third order elastic constants (SOEC and TOEC), Cii′ j j′ and Cii′ j j′kk′ , via [33, 34]
A˜ i
′ j′k′
i jk =Cii′ j j′kk′ +Cii′ j′k′δ jk+C j j′ i′k′δik+Ci′ j′kk′δi j . (2.3)
The drag coefficient (or damping/friction “constant”) B of a dislocation is defined as the proportion-
ality coefficient of the force F needed to maintain dislocation velocity v. It is related to the dissipa-
tion D per unit length via D =Bv2, which in turn is straightforwardly derived from the probability
Wq′q′′ of the scattering of a phonon from state q′ to state q′′ per unit time, see [14, 17]. Multiply-
ing Wq′q′′ by the equilibrium phonon distribution function nq′ = (exp(ħωq′ /kBT)−1)−1 yields the
number of transitions per unit time. Taking into account that an energy ħ(ωq′ −ωq′′) = ħΩq is
transferred for every transition, one finds for the dissipation per unit time and per unit disloca-
tion length,
D = 4piħ
∑
q′,q′′
Ωq|Γq′q′′ |2(nq′′ −nq′)δ(ωq′ −ωq′′ −Ωq) , (2.4)
where momentum conservation ~q =~q′−~q′′ is implicit so as to avoid clutter in the notation. The
same expression can be derived from a one-loop Feynman diagram (often referred to as “phonon
wind”), see [16] for details. Since Ωq = qv|cosφ| is already linear in the dislocation velocity,
lim
v→0
Γq′q′′ yields the small velocity limit to lowest order. Indeed, this is what V. I. Al’shits et al.
consider in Ref. [17], computing B for a straight line and loop dislocation for an isotropic crystal
in the low velocity limit — see also the review article [9]. Ref. [30] aimed at pushing to higher
velocities and hence used a v-dependent Γq′q′′ , i.e. Eq. (2.1) with the displacement gradients for
moving dislocations in the isotropic approximation. For the elastic constants A˜ i
′ j′k′
i jk , experimental
values for polycrystals (i.e. Lamé and Murnaghan constants) were used.
Here, our intent is to keep just the phonon spectrum isotropic and study the effect of gen-
eralizing everything else (i.e. the dislocation field and the elastic constants) to the actual single
crystal symmetry, which is anisotropic in both SOEC and TOEC.
Upon introducing spherical coordinates for the phonon wave vectors and approximating the
sums over those vectors by integrals over the first Brillouin zone, the drag coefficient for phonon
wind B=D/v2 in the continuum approximation reads [30]
B= 4piħv2
qBZ∫
0
dq′ q′2
(2pi)3
1∫
−1
d cosθ′
2pi∫
0
dφ′
2qBZ∫
0
dq q
(2pi)2
2pi∫
0
dφΩq|Γq′,q′−q(q,φ)|2(nq′−q−nq′)
×δ(ωq′ −ωq′−q−Ωq) , (2.5)
where Ωq = qv|cosφ|, aligning our coordinates such that the dislocation moves parallel to the xˆ
axis. In particular,~q
′ = q′(sinθ′ cosφ′ eˆ1+sinθ′ sinφ′ eˆ2+ cosθ′ eˆ3); and then choosing these coordi-
nates such that θ′ is the angle measured from the direction of~q, we have
(~q
′ −~q )2 = q2+ q′2−2qq′cosθ′ . (2.6)
This means that eˆ3 =~q/q, and the basis vectors eˆ1,2,3 are hence related to the Cartesian ones via
eˆ3 = cosφ eˆx+sinφ eˆ y , eˆ1 =−sinφ eˆx+cosφ eˆ y , eˆ2 = eˆz , (2.7)
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leading to
~q ′= q′
cosθ′ cosφ−sinθ′ cosφ′ sinφcosθ′ sinφ+sinθ′ cosφ′ cosφ
sinθ′ sinφ′
 , ~q= q
cosφsinφ
0
 , (2.8)
clearly consistent with (2.6). One of the integrals in (2.5) can be evaluated using the delta func-
tion and (at least in the Debye approximation) it is convenient to eliminate the integral over
θ′ in this way [30]. The only φ′-dependence in Eq. (2.5) comes from the kinematic factors in
Γq′,q′−q(q,φ). Therefore, the φ′-integral is independent of the dispersion relation and, being of
the type
∫ 2pi
0 dφ
′ sinmφ′ cosnφ′ with m,n≥ 0 and m+n≤ 8, can be done explicitly.
It has been previously argued, that the dominating contribution to B is due to the interac-
tion with transverse phonons [9, 30], which is what we consider in the following section before
subsequently generalizing further to include also longitudinal phonons.
2.2 Interaction with transverse phonons
The Debye spectrum of transverse phonons in the isotropic limit is given by
ωt(q)= ct|~q| =
√
µ/ρ |~q| , (2.9)
and the finite lattice spacing is taken into account indirectly by cutting off the spectrum at the
Debye frequency. One obvious shortcoming of this approximation is that it does not give a good
representation of the high frequency part. However, consistent with the continuum approxima-
tion, we consider here only the simplest case of the Debye approximation (2.9), and leave a more
thorough study of dispersion relations and their effect on the drag coefficient to future work.
Following the same steps as in Ref. [30] we introduce the variable substitution
t= 1
2c2t qq
′
(
(c2t q
2+2ctq′Ωq−Ω2q
)
= 1
2q′
(
1−β2t cos2φ
)
q+βt|cosφ| ,
dt= 1
2q′
(
1−β2t cos2φ
)
dq , t ∈ [βt|cosφ|,1] , (2.10)
where βt = v/ct < 1, i.e. we have assumed a dislocation velocity below transverse sound speed of the
polycrystal, a limitation of the present theory introduced by our use of the Debye spectrum. The
upper bound, t≤ 1, is a consequence of the energy-conserving delta function in the last line of Eq.
(2.5) above, which tells us that cosθ′ = t. Another useful relation which follows from completeness
of the polarization vectors,
∑
sw∗i (~q
′
, s)w∗j (~q
′
, s)= δi j, is
∑
s=2,3
w∗i (~q
′
, s)w j(~q
′
, s)= δi j−
q′iq
′
j
q′2
, (2.11)
where s= 2,3 are the transverse polarizations.
Furthermore, the radial dependence of the dislocation field in the continuum limit is always
ui, j(r,θ) = u˜i, j(θ)/r if dislocation core effects are neglected, see Section 2.4 and Refs. [32, 35–37].
Hence, the same property is inherited in Fourier space if cutoffs in the r integral are neglected,
i.e.: di j(q,φ)= d˜i j(φ)/q for the Fourier transform of ui, j. Taking these considerations into account
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and introducing unit vectors qˆi = qi/q, qˆ′i = q′i/q′, the dislocation drag coefficient from scattering
off isotropic transverse phonons presently reads
Btt = piħ4ρ2
qBZ∫
0
dq′ q′4
(2pi)5
2pi∫
0
dφ
1∫
βt|cosφ|
dt |cosφ|
(
1
e
ħct
kBT
q′ −1
− 1
e
ħct
kBT
q′(1−βt q˜|cosφ|)−1
)
× ∑
i,i′, j, j′,k,k′
l,m,n,l′,m′,n′
d˜kk′(φ)d˜nn′(φ)
βtc4t
(
t−βt|cosφ|
) 2pi∫
0
dφ′ qˆ′i′ qˆ
′
l′
(
qˆ′j′ − q˜ qˆ j′
)(
qˆ′m′ − q˜ qˆm′
)
× (δil − qˆ′i qˆ′l)
(
δ jm−
(qˆ′j− q˜qˆ j)(qˆ′m− q˜qˆm)
1+ q˜2−2tq˜
)
A˜ i
′ j′k′
i jk A˜
l′m′n′
lmn , (2.12)
where we have eliminated q in favor of the dimensionless variable t defined above. Thus
q˜ := q(t)
q′
= 2(
1−β2t cos2φ
) (t−βt|cosφ|) , (2.13)
and the delta function has already been used to integrate over θ′, thereby setting cosθ′ = t. The
latter appears in the components of the unit vector qˆ′i defined earlier,
qˆ′i =
tcosφ−
p
1− t2 sinφcosφ′
tsinφ+
p
1− t2 cosφcosφ′p
1− t2 sinφ′
 , (2.14)
and as remarked above the integral over φ′ can also be done easily. Of the remaining three in-
tegrals, the integral over q′ can be evaluated in terms of Debye functions (as long as cutoffs are
removed from the dislocation fields making d˜i j independent of q). These are defined as [38, 39]
Dn(x)=
x∫
0
yn
ey−1dy= x
n
(
1
n
− x
2(n+1) +
∞∑
k=1
B2kx2k
(2k+n)(2k)!
)
, (2.15)
where |x| < 2pi, n≥ 1, and the coefficients B2k are Bernoulli numbers. In particular we have
qBZ∫
0
dq′ q′4
(
1
e
ħct
kBT
q′ −1
− 1
e
ħct
kBT
q′(1−βt q˜|cosφ|)−1
)
=
(
kBT
ħct
)5D4( ħctkBT qBZ)− D4
( ħct
kBT
(1−βt q˜|cosφ|)qBZ
)
(1−βt q˜|cosφ|)5

=
(
kBT
2ħct
)
(qBZ)4
∞∑
k=0
B2k
( ħct
kBT
qBZ
)2k (
1− (1−βt q˜|cosφ|)2k−1
)
(k+2)(2k)! . (2.16)
The series representation of these Debye functions converges only for ħctqBZ < 2pikBT, which is
automatically fulfilled if T is greater than the Debye temperature. One caveat to look out for, is
that the convergence of this series representation is slower as βt becomes larger (i.e. closer to
1), so that better accuracy is achieved by numerically integrating the l.h.s. If βt = 1 both sides
diverge, see [30].
In deriving our results in Sec. 3 below, we integrated the Debye functions numerically (rather
than using the series representation (2.16)) in order to achieve better accuracy. For this we used
a trapezoidal method with 400 points. The remaining two-dimensional integral over dt and dφ in
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Eq. (2.12) above always needs to be carried out numerically, and we have done so in deriving the
results of Sec. 3. In particular, the two variables t and φ were discretized with roughly 105(1+βt)
points (i.e. with higher resolution at higher velocity) and subsequently integrated using a trape-
zoidal method, requiring higher resolution in t than in φ. All numerical calculations described
here can be reproduced with the software of Ref. [40] developed by the present author.
Since this strategy works for any angle-dependent Fourier transformed dislocation field d˜i j(φ)
and any set of elastic constants A˜ i
′ j′k′
i jk , it is straightforward to generalize the purely isotropic
results of Ref. [30] to a “semi-isotropic” calculation where A˜ i
′ j′k′
i jk and d˜i j are computed for the
single crystal grains.
2.3 Including longitudinal phonons
Even though the largest contribution to dislocation drag from phonon wind comes from the inter-
action with transverse phonons, the other branches cannot be completely ignored: The combined
contribution of purely longitudinal phonons (Bll) and the mixed transverse/longitudinal phonons
(Btl+Blt) can easily increase the drag coefficient B by 20% in the low velocity regime and even
more in the high velocity regime. From (2.12) with (2.16), we see that Btt scales with the fifth in-
verse power of transverse sound speed at low velocity and high temperature. As we will see below,
the mixed and purely longitudinal branches have two or all of those powers of ct replaced with
the larger longitudinal sound speed, thus decreasing B for those branches. On the other hand,
different combinations of elastic constants within A i
′ j′k′
i jk contribute to different branches, making
the exact ratio of Btt / (Btt+Btl+Blt+Bll) material dependent (see also Fig. 9 in the appendix).
The Debye spectrum of longitudinal phonons in the isotropic limit is given by ωl(q) = cl|~q| =√
(λ+2µ)/ρ |~q|. For dislocations interacting with purely longitudinal phonons, the results from
the previous subsection can be straightforwardly used with the simple replacements ct → cl ev-
erywhere, i.e. Bll =Btt
∣∣
ct→cl,βt→βtct/cl .
For the mixed branches (i.e. incoming transverse, outgoing longitudinal phonon and vice
versa), we however need to choose a different variable substitution instead of (2.10). The reason
is the following: If s′ 6= s′′ the energy conserving delta function takes the more general form
δ(ωs′(q′)−ωs′′(|~q
′−~q|)−Ωq)=
|cs′q′−Ωq|
c2s′′qq
′ δ
(
cosθ′−t(q˜,φ))Θ(1− ∣∣t(q˜,φ)∣∣) ,
t(q˜,φ)= q˜
2
(
1− v
2
c2s′′
cos2φ
)
+
(
1− c
2
s′
c2s′′
)
1
2q˜
+ cs′v
c2s′′
|cosφ| , (2.17)
where Θ(x) is the step function following from cosθ′ ∈ [−1,1], and t reduces to the expression
linear in q˜ = q/q′ given by (2.10) only for s′ = s′′ (resp. a similar expression with ct → cl for the
longitudinal case). Since in general, t(q˜,φ) is a non-linear function of q˜, it is better to use the
latter as an integration variable for the mixed transverse/longitudinal contributions to B. Note
that the integration range for q˜ is limited to finite intervals by the following conditions:
−1≤ t(q˜)≤ 1, 0≤ωs′′(q˜,φ)≤ωBZ , 0≤ |~q
′−~q| ≤ qBZ . (2.18)
Hence q˜min, q˜max become functions of the angle φ, with finite smallest/largest values over all
angles. Within a numerical integration scheme, these conditions are hence easily implemented.
Taking these considerations into account as well as the completeness relations for the phonon
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polarizations, we have
Btl =
piħ
4ρ2
qBZ∫
0
dq′ q′4
(2pi)5
2pi∫
0
dφ
q˜max∫
q˜min
dq˜ |cosφ|
(
1
e
ħct
kBT
q′ −1
− 1
e
ħct
kBT
q′(1−βt q˜|cosφ|)−1
) ∑
i,i′, j, j′,k,k′
l,m,n,l′,m′,n′
d˜kk′(φ)d˜nn′(φ)
βtc2t c
2
l q˜
×
2pi∫
0
dφ′ qˆ′i′ qˆ
′
l′
(
qˆ′j′ − q˜ qˆ j′
)(
qˆ′m′ − q˜ qˆm′
)(
δil − qˆ′i qˆ′l
)( (qˆ′j− q˜qˆ j)(qˆ′m− q˜qˆm)
1+ q˜2−2q˜ t(q˜,φ)
)
A˜ i
′ j′k′
i jk A˜
l′m′n′
lmn , (2.19a)
Blt =
piħ
4ρ2
qBZ∫
0
dq′ q′4
(2pi)5
2pi∫
0
dφ
q˜max∫
q˜min
dq˜ |cosφ|
(
1
e
ħcl
kBT
q′ −1
− 1
e
ħcl
kBT
q′
(
1− ctcl βt q˜|cosφ|
)
−1
) ∑
i,i′, j, j′,k,k′
l,m,n,l′,m′,n′
d˜kk′(φ)d˜nn′(φ)
βtc3t cl q˜
×
2pi∫
0
dφ′ qˆ′i′ qˆ
′
l′
(
qˆ′j′ − q˜ qˆ j′
)(
qˆ′m′ − q˜ qˆm′
)
qˆ′i qˆ
′
l
(
δ jm−
(qˆ′j− q˜qˆ j)(qˆ′m− q˜qˆm)
1+ q˜2−2q˜ t(q˜,φ)
)
A˜ i
′ j′k′
i jk A˜
l′m′n′
lmn , (2.19b)
for the two mixed branches, where q˜min(φ), q˜max(φ) are determined by (2.18). Similar to the previ-
ous section the two variables q˜ and phi were discretized with roughly 105(1+βt) points (i.e. with
higher resolution at higher velocity) and subsequently integrated using a trapezoidal method,
requiring higher resolution in q˜ than in φ.
2.4 Dislocations
We begin by briefly summarizing the technique of deriving the dislocation field, see e.g. [31] and
references therein. The displacement gradient field follows from solving the equations of motion
(e.o.m.) and the (leading order) stress-strain relations known as Hooke’s law:
∂iσi j = ρu¨ j , σi j =Ci jkl²kl =Ci jkluk,l , (2.20)
where we have introduced the notation uk,l := ∂luk for the gradient of the displacement field uk,
and u¨ j := ∂
2u j
∂t2 for the time derivatives. ²kl := 12
(
uk,l +ul,k
)
denotes the infinitesimal strain tensor,
and the last equality follows from Voigt symmetry of the elastic constants. For constant velocity
the displacement field depends only on the combination (~x−~vt), i.e. uk(xi, t) = uk(xi − vi t), and
thus its time derivative can be expressed in terms of its gradient: u˙i = −v jui, j. In this case, the
e.o.m. (2.20) simplifies to
0= ∂iσi j−ρu¨ j =
(
Ci jkl −ρvivlδ jk
)
uk,il , (2.21)
and it is common to define “effective” elastic constants Cˆi jkl :=
(
Ci jkl −ρvivlδ jk
)
, see [32].
A. N. Stroh [35] described a method to compute solutions for infinite, straight dislocations ~u
based on an ansatz uk = DAk2pii ln
(
m jx j+ pn jx j
)
where the perpendicular unit vectors ~m and ~n are
normal to the sense vector~t of the dislocation, i.e.~t = ~m×~n. With this ansatz the e.o.m. (2.21) is
turned into an eigenvalue problem in terms of the unknown coefficients Ak and p and an overall
factor D that is determined by the boundary conditions. Due to Voigt symmetry, the eigenvalue
problem can subsequently be formulated in terms of a 6-dimensional vector~ζ and associated 6×6
matrix N comprised of four 3×3 blocks, i.e. N ·~ζ = p~ζ; see [41, pp. 467–473] for details on this
“sextic formalism”.
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Finally, this eigenvalue problem can be reformulated in terms of a set of definite integrals [36,
37], mainly because the unit vectors ~m, ~n are defined only up to an arbitrary angle θ. Averaging
over this angle (in the notation of ref. [41]) yields a solution for u j,k in terms of the matrix
〈N〉 = 1
2pi
∫ 2pi
0
Ndθ =
(
S Q
B ST
)
, (2.22)
where
S=− 1
2pi
∫ 2pi
0
(nn)−1(nm)dθ , Q=− 1
2pi
∫ 2pi
0
(nn)−1dθ ,
B=− 1
2pi
∫ 2pi
0
[
(mn)(nn)−1(nm)− (mm)]dθ , (2.23)
and we have employed the shorthand notation (ab) jk := aiCˆi jklbl . These tensors depend on the
elastic constants, the (constant) dislocation velocity, and material density, cf. (2.21), (2.23). In
general, the integrals over θ need to be done numerically. Upon selecting a coordinate system
such that mixi = r, nixi = 0, the displacement gradient computes to [41, p. 476]:
u j,k(r,θ)=
u˜ j,k(θ)
r
,
u˜ j,k(θ)=−
bl
2pi
{
mkS jl −nk
[
(nn)−1(nm)
]
ji Sil −nk(nn)−1ji Bil
}
. (2.24)
Notice that the angle dependence of u˜ j,k(θ) resides within the unit vectors ~m, ~n. The dislocation
displacement gradients may subsequently be algebraically assembled according to Eq. (2.24). In
the isotropic limit S, B can be calculated analytically [32], and hence the moving edge and screw
dislocation solutions of Eshelby are recovered [31, 42, 43].
The slip systems we will consider are:
~bfcc = bp
2
(1,1,0) , ~bbcc = bp
3
(1,−1,1) , ~bhcp = (−1,0,0) , ~btetr = (0,0,−1) ,
~nfcc0 =
1p
3
(−1,1,−1) , ~nbcc0 =
1p
2
(1,1,0) , ~nhcp0 = (0,0,1) , ~ntetr0 = (0,1,0) , (2.25)
i.e. these (as well as several equivalent ones due to the crystal symmetry) have the shortest Burg-
ers vectors and are the most common ones, see [41, Sec. 9] as well as [44, 45] and references
therein. For the cases of close-packed hexagonal (hcp) and tetragonal crystals, we assume the
basal plane is normal to the third axis in Cartesian crystal coordinates.
Following Ref. [31] we then construct:
~t(ϑ)= 1
b
[
~bcosϑ+~b×~n0 sinϑ
]
, ~v(ϑ)= v~m0(ϑ)= v~n0×~t(ϑ) ,
~m(ϑ,φ)= ~m0(ϑ)cosφ+~n0 sinφ , ~n(ϑ,φ)=~n0 cosφ− ~m0(ϑ)sinφ , (2.26)
where by construction ϑ is the angle between the Burgers vector and the dislocation sense vector
~t, i.e. ϑ= 0 parametrizes pure screw and ϑ=pi/2 is pure edge.
The limitations of this approximation are illustrated in Figures 1 and 2, i.e. we expect a break-
down of the present theory at high velocities, typically close to the transverse sound speed of the
polycrystal (which we compute from the measured effective polycrystalline shear modulus µ even
10
−0.5 0.0 0.5
x[b]
−0.50
−0.25
0.00
0.25
0.50
y[
b]
βt =0.001
−0.5 0.0 0.5
x[b]
βt =0.5
−0.5 0.0 0.5
x[b]
βt =0.9
0.0
0.2
0.4
0.6
0.8
1.0
Figure 1: In the isotropic limit, the gradient of the displacement field squared (i.e. ui, jui, j/2)
of an edge dislocation (assuming cl ≈ 2ct), shown here for velocities βt = 0.001, βt = 0.5, and
βt = 0.9 where βt = v/ct, leads to an enhanced gradient or larger core region with increasing
velocity where the assumption of linear elasticity, ui, j¿ 1, breaks down.
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Figure 2: The gradient of the displacement field squared (i.e. ui, jui, j/2) of an edge dislocation
is shown here for (bcc) iron for velocities βt = 0.001, βt = 0.5, and βt = 0.8. In the anisotropic
case illustrated here, divergences are moved to a different critical velocity βcrit.t 6= 1 compared
to the isotropic limit.
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in the semi-isotropic case). The reason is that a core region where the assumption of small strains
allowing the use of linear elasticity is invalid, becomes larger with increasing velocity.
In fact, as explained in Ref. [31], at some critical velocity which is related to the sound speeds
of the crystal (and in the isotropic limit coincides with transverse/longitudinal sound speed), there
is an angle θ where
det(nn)= det(~n ·C ·~n−ρ (~n ·~v)2 1)= 0, (2.27)
leading to a divergence in u˜ j,k(θ). Additionally, this divergence can lead to instabilities for cer-
tain types of dislocations (pure edge in the isotropic limit), driving dislocations to changing their
shape [31]. Therefore, we will limit our discussion in Section 3 to velocities v≤ 0.9ct.
From inspecting Figures 1 and 2 we see that depending on the degree of anisotropy and the
crystal symmetry, the shapes of the contours where ui, jui, j/2¿ 1 is not fulfilled can change sig-
nificantly. But the important conclusion to keep in mind is that in all cases the area encompassing
the core where ui, jui, j/2 ≥ 1 increases with velocity, indicating a breakdown of linear elasticity.
This also means that studying the dislocation core and its influence on dislocation drag becomes
increasingly important as dislocations approach the critical velocity. Indeed, MD simulations see
significant size changes in the dislocation core at high velocities [25], see also [28] for a theoretical
discussion in the isotropic limit in 2D. A more realistic model of the dislocation core is however
beyond the scope of the present paper and we leave it to future work.
Fourier transform of the moving dislocation deformation field
In polar coordinates at time t = 0, we have (x− vt) → r cosθ and y→ rsinθ leading to ui, j(r,θ).
Neglecting the finite core size of the dislocation (r0 → 0), we may compute its Fourier transform
according to
di j(q,φ)=
d˜i j(φ)
q
=
∫ 2pi
0
dθ u˜i, j(θ)
∫ ∞
0
dr e−iqr cos(θ−φ) , (2.28)
with u˜i, j(θ) computed from Eq. (2.24). These integrations, or at least the one over θ, need to be
done numerically in the anisotropic case, which forces us to regularize the integral at some finite
value rmax <∞, but chosen large enough to not have a noticeable effect on the result. In particular,
rmax = 250pi/qBZ worked well when analytically integrating r and subsequently integrating θ
numerically using a trapezoidal method with 3000 points. The same angle resolution was used
in the computation of u˜i, j according to Eqns. (2.23) and (2.24). In general of course, if cutoffs are
introduced d˜ would remain q-dependent.
3 Results
We may now compute the drag coefficient in the semi-isotropic approximation for polycrystalline
metals, focusing in particular on those whose single crystal grains are of fcc, bcc, hcp and tetrag-
onal symmetry. Where we have enough data (such as measured Murnaghan constants), we com-
pare the results for the drag coefficient computed using the single crystal geometry for the dislo-
cation field and elastic constants to the purely isotropic calculation.
3.1 Cubic metals
The effective isotropic elastic constants that we use as (experimental) input data are assembled
in Table 1. For the unit cell volume of cubic metals we use Vc = a3, and for the (length of the)
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Al (fcc) Cu (fcc) Fe (bcc) Nb (bcc) Zn (hcp) Sn (tetr.)
a[Å] 4.05 3.61 2.87 3.30 2.67 5.83
c[Å] - - - - 4.95 3.18
ρ[kg/m3] 2700 8960 7870 8570 7134 7287
λ[GPa] 58.1 105.5 115.5 144.5 43.1 45.9
µ[GPa] 26.1 48.3 81.6 37.5 43.4 18.4
l[GPa] −143±13 −160±70 −170±40 −610±80 - -
m[GPa] −297±6 −620±10 −770±10 −220±30 - -
n[GPa] −345±4 −1590±20 −1520±10 −300±20 - -
Table 1: We list various experimental values used in the computation of the drag coefficient
for some polycrystalline metals whose single crystal symmetries are fcc or bcc: The lattice
parameters a, c and densities ρ were taken from Ref. [46, Sec. 12]. The polycrystalline effec-
tive Lamé constants were taken from Refs. [47, p. 10] and [48]. The Murnaghan constants
for Cu and Fe were taken from [49], those for Al were taken from Reddy 1976 as reported
by Wasserbäch in Ref. [50], and those for Nb were finally taken from [51]. Uncertainties, as
given in those references, are listed as well.
Burgers vector b = a/p2 for fcc metals and b = ap3/2 for bcc metals (see Refs. [44] and [41, Sec.
9]). The single crystal constants are assembled in Table 2. The selection of metals presented here
(Al, Cu, Fe, Nb), were guided by the availability of experimental effective TOEC for polycrystals
in the literature. We refrain here from computationally averaging over single crystal constants,
as there is no good averaging scheme for the TOEC, see [62] and references therein.
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Figure 3: On the left, we show the drag coefficient from phonon wind for screw dislocations
in various metals in the isotropic approximation with zero dislocation core size (i.e. no cutoff),
using isotropic SOEC and TOEC from Table 1. On the right, we show the drag coefficient for
screw dislocations in the semi-isotropic approximation, using cubic SOEC and TOEC from
Table 2, but the polycrystal value of the shear modulus for the transverse phonons and the
according effective transverse sounds speed ct.
After computing the dislocation displacement gradients (numerically) along the lines of Sec-
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Al (fcc) Cu (fcc) Fe (bcc) Nb (bcc) Zn (hcp) Sn (tetr.)
c11[GPa] 106.75±0.05 168.3 226±2 246.5 163.68 75.29
c12[GPa] 60.41±0.08 121.2 140±8 134.5 36.40 61.56
c44[GPa] 28.34±0.04 75.7 116±1 28.73 38.79 21.93
c13[GPa] - - - - 53.00 44.00
c33[GPa] - - - - 63.47 95.52
c66[GPa] - - - - - 23.36
c111[GPa] −1076 −1271±22 −2720 −2564±25 −1760±150 −410±15
c112[GPa] −315±10 −814±9 −608 −1140±25 −440±110 −583±12
c123[GPa] 36±15 −50±18 −578 −467±25 −210±60 128±27
c144[GPa] −23±5 −3±9 −836 −343±10 −10±10 −162±10
c166[GPa] −340±10 −780±5 −530 −167.7±5 - −191±7
c456[GPa] −30±30 −95±87 −720 136.6±5 - −52±7
c113[GPA] - - - - −270±30 −467±12
c133[GPa] - - - - −350±10 −186±4
c155[GPa] - - - - 250±50 −177±10
c222[GPa] - - - - −2410±260 -
c333[GPa] - - - - −720±20 −1427±9
c344[GPa] - - - - −440±40 −212±11
c366[GPa] - - - - - −78±14
A 1.22 3.28 2.70 0.51 - -
Table 2: We list the experimental values for the single crystal elastic constants of various
metals used in the semi-isotropic computation of the drag coefficient. SOEC are taken from
the CRC handbook [46, Sec. 12], the original references being [52] (Al), [53] (Cu), [54] (Fe),
[55] (Nb), [56] (Zn), and [57] (Sn). TOEC are taken from [52] (Al), [58] (Cu), [59] (Fe), [51]
(Nb), [60] (Zn), and [61] (Sn). Uncertainties, as given in the original references, are listed as
well. In the last line we list the Zener anisotropy for cubic metals computed from the second
order elastic constants according to A := 2c44/(c11− c12).
tion 2.4, one must rotate them in order to align the dislocation sense vector with the zˆ-axis, and
the dislocation velocity with the xˆ axis. This step is important, since the expression for the drag
coefficient, Eq. (2.12), was derived in a coordinate system where~t ∥ zˆ and ~v ∥ xˆ, whereas ui, j is
computed in crystal coordinates initially. Since in the derivation of ui, j the Burgers vector was
fixed and the direction of~t depended on the angle ϑ defining the dislocation type, this required
additional rotation is also ϑ dependent. The same rotation must also be applied to the elastic con-
stants A˜ i
′ j′k′
i jk , as these are also given in crystal coordinates. In particular, for fcc metals we must
rotate around zˆ by pi/4, then around xˆ by −atan(1/p2), and then around yˆ by pi/2−ϑ. For bcc met-
als we must rotate around zˆ by −pi/4 and then around yˆ by pi/2−atan(1/p2)−ϑ. All calculations
in this section and the next were done for 90 velocities in the range 0.01≤ βt ≤ 0.9 and 91 angles
in the range 0≤ ϑ≤ pi/2 (resp. 181 angles in the range −pi/2≤ ϑ≤ pi/2 depending on the symmetry
properties of the slip system).
Inspecting Figures 3, 4, we notice two types of changes in going from the purely isotropic to
the semi-isotropic calculation: In the high velocity range, the fast growth (resp. divergence) of the
drag coefficient is moved from ct to a different velocity which depends on the dislocation character
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Figure 4: On the left, we show the drag coefficient from phonon wind for edge dislocations in
various metals in the isotropic approximation with isotropic elastic constants. On the right,
we show the drag coefficient for edge dislocations in the semi-isotropic approximation, using
cubic elastic constants.
angle ϑ and which can be computed from Eq. (2.27). Hence, even pure screw dislocations diverge
at their critical velocity. This behavior contrasts the isotropic limit where this divergence was
suppressed by the polynomial parts of the expression for B, cf. (2.12). These depend on ct through
the (Debye) phonon spectrum, even in the semi-isotropic calculation. This, however, may change
once we generalize from the Debye to the actual phonon spectrum in the crystal, which is beyond
the scope of the present work. The second noticeable change is in the low velocity regime of B,
where the change in the drag coefficient for pure screw and edge dislocations clearly depends on
the degree of anisotropy in the second order elastic constants — which is to be expected. Hence,
while B for aluminum changes only very little in the low velocity regime, B for niobium changes
significantly.
Furthermore, the drag coefficient for a mixed dislocation coincides with a linear superposition
only in the isotropic case, but not in the semi-isotropic approximation. In particular,
Biso(ϑ)= cos2ϑBiso(ϑ= 0)+sin2ϑBiso(ϑ= pi2 ) . (3.1)
The reason for this relation is that the displacement gradients of screw and edge dislocations
decouple only in the isotropic limit, and additionally cross terms in B vanish in this limit. In
general, however, B is a non-trivial function of dislocation character angle ϑ. To illustrate this
point, we show the explicit ϑ dependence of the drag coefficient for copper at several velocities for
both the isotropic and the semi-isotropic limit in Figure 5.
The contour plot in Figure 6 finally captures the full dependence on velocity βt and angle
ϑ of the drag coefficient in copper. The velocity dependence is shown up to the smallest critical
velocity βt ≤βcrit = vcrit/ct ≈ 0.698 for copper, i.e. the lowest velocity at which a divergence appears
in the dislocation field for some angle ϑ (= pi/2 for fcc) due to Eq. (2.27), see Ref. [31]. As for the
character angles ϑ at which B(v) takes its largest values, we note that we are dealing with a non-
trivial interplay of crystal geometry, material constants, and kinematics: The dislocation gradient
field peaks where the determinant (2.27) becomes small. This expression depends not only on the
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Figure 5: On the left, we show the drag coefficient from phonon wind for copper as a function
of dislocation type (i.e. ϑ = 0 is pure screw, ϑ = pi/2 is pure edge) for various velocities. Since
edge and screw components decouple in this limit, Bmix =Bscrew+Bedge. On the right, we show
the same in the semi-isotropic approximation: Edge and screw components no longer decouple
in this limit and hence Bmix turns into a nonlinear function of sin2ϑ.
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Figure 6: We show the drag coefficient B from phonon wind for copper as a function of dislo-
cation type ϑ and velocity βt. B(βt,ϑ) is color-encoded and given in units of mPa s with contour
lines drawn at the values given in the color bar.
crystal geometry, but also on density, velocity and elastic constants, leading to peaks at various
combinations of character angle ϑ, velocity v, and polar angle φ. Finally, the kinematics within B
(due to energy-momentum conservation) do not allow all angles between dislocation wave vector~q
and phonon wave vector~q′ to contribute, potentially cutting off regions of large dislocation fields
(especially at high velocity).
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Figure 7: We show the drag coefficient B from phonon wind for iron as a function of disloca-
tion type ϑ and velocity βt. B(βt,ϑ) is color-encoded and given in units of mPa s with contour
lines drawn at the values given in the color bar. At the bottom of this figure, we show the low
velocity drag coefficient B(ϑ)
∣∣
βt=0.01 as a function of ϑ.
Also note that while the drag coefficient for fcc metals is symmetric3 with respect to ϑ↔−ϑ,
this is not the case for the slip system considered here for bcc metals; only the pure edge cases
ϑ = ±pi/2 coincide and both dislocation field and drag coefficient are pi-periodic. This asymmetry
with respect to dislocation character (or rather orientation of the dislocation) is illustrated at the
example of bcc iron in Figure 7, now plotted against ϑ instead of sin2ϑ. Once more, the velocity
dependence is shown up to the lowest critical velocity which is βcrit ≈ 0.726 for iron.
3.2 Hexagonal and tetragonal metals
The semi-isotropic approximation outlined above, allows us to make use of the much greater
wealth of experimentally measured single crystal TOEC. The methods described here can be
straightforwardly applied to crystal symmetries other than fcc/bcc, as we demonstrate in this
subsection: The slip systems we consider for hcp and tetragonal crystals are already summarized
in Eq. (2.25), and in both cases they lead to dislocation fields and hence drag coefficients which
are symmetric with respect to ϑ↔ −ϑ. Additionally, we need expressions for the length of the
Burgers vector as well as for the unit cell volume which is then used to determine the edge of
the Brillouin zone, as outlined earlier. In particular, Vc = 3
p
2
2 a
2c for hcp metals and Vc = a2c for
tetragonal metals. Furthermore, b= a for hcp metals and b= c for tetragonal metals and the slip
systems we consider here. For hcp metals we must rotate both d˜i j and A˜
i′ j′k′
i jk around yˆ by −pi/2−ϑ
and then around xˆ by pi/2. For tetragonal metals we must rotate around yˆ by pi−ϑ.
3 To be precise, it is symmetric for a perfect dislocation (which is what we consider here), i.e. the inclusion of two
different Shockley partial dislocations will likely break this symmetry. I thank the anonymous referee for pointing out
this subtlety.
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Figure 8: We show the drag coefficient B from phonon wind for hexagonal close-packed zinc
(lhs) and for tetragonal white tin (rhs) as a function of dislocation type ϑ and velocity βt.
B(βt,ϑ) is color-encoded and given in units of mPa s (cf. color bar). At the bottom of this figure,
we show the low velocity drag coefficient B(ϑ)
∣∣
βt=0.01 as a function of ϑ.
As examples for both types of crystal symmetry, we present calculations for the drag coefficient
from phonon wind for zinc (hcp) and white tin (which is tetragonal and also commonly referred to
as β-tin). The experimental input values needed are listed in Tables 1 and 2. The drag coefficient
B was then calculated numerically along the same lines as in the previous section. Results are
shown in Figure 8. In particular, the contour plots shown in that figure capture the full depen-
dence on velocity βt (≤βcrit and ≤ 0.9) and angle ϑ of the drag coefficient in those two metals. The
smallest critical velocities leading to divergences due to (2.27) are βcrit = vcrit/ct ≈ 0.943 for zinc
and βcrit ≈ 0.818 for tin. The values for B at βt = 0.01 are shown separately at the bottom of this
figure as a function of ϑ.
3.3 Comparing to experimental and MD simulation results
Comparing our results at low velocity to experiments and MD simulations, we note that
• Our drag coefficient (in both approximations discussed above) for Al (fcc aluminum) lies
within the range of experimental values of ∼ 0.005mPas in [63], ∼ 0.02mPas in [64] and
∼ 0.06mPas in [65], and at the lower end of MD simulation results which range from
∼ 0.007mPas to ∼ 0.2mPas [18, 20, 66], with slightly better agreement within the semi-
isotropic approximation; see Figures 3–4 (values for βt = 0.01).
• The drag coefficient (in both approximations discussed above) for Cu (fcc copper) is well
within the range of experimental values of ∼ 0.0079mPas in [67], ∼ 0.02mPas in [68],
∼ 0.065mPas (for both edge and screw dislocations) in [69], ∼ 0.07mPas in [70], and ∼
0.08mPas in [71]. It is above the MD simulation results of ∼ 0.016mPas (edge) and ∼
0.021mPas (screw) reported in [72], and ∼ 0.022mPas (screw) reported in [73]; see Figure 5
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(values for βt = 0.01).
• Our drag coefficient (in both approximations discussed above) for Fe (bcc iron) is lower than
the experimental values of ∼ 0.34mPas for edge and ∼ 0.661mPas for screw dislocations
reported in [74], as well as the result of MD simulations of ∼ 0.26mPas for screw dislocations
reported in [27]; see Figures 3–4 and the lower part of Figure 7 (values for βt = 0.01).
• The drag coefficient for Zn (hcp zinc), computed in the semi-isotropic approximation, is lower
than the experimental results of 0.034mPas for screw and 0.035mPas for edge dislocations
in the basal plane [75]; see lower lhs of Figure 8 (for βt = 0.01).
The experimental values we compare to are typically either of mixed edge/screw type or unknown
(unless we have stated explicitly otherwise above). With increasing dislocation velocity, we have
qualitative agreement of our semi-isotropic approach with simulation results, i.e. we see a viscous
regime where B(v) for pure screw and edge changes only little and a regime close to the critical
velocity where damping is enhanced. The only discrete lattice simulation which considered the
dislocation character angle dependence the author is aware of is Ref. [20] on aluminum. The au-
thors of [20] find a stronger ϑ-dependence for small v than in this work by fitting their simulation
results to Leibfrieds isotropic high temperature approximation to B, i.e. constant in v and linear
in T, thus ignoring both the (small but not negligible) velocity dependence in the viscous regime
as well as the non-linear temperature dependence between 100–300K.
4 Conclusion and outlook
In this work, the dislocation drag coefficient B from phonon-scattering (“phonon wind”) at room
temperature was revisited in the continuum approximation, and the model was subsequently gen-
eralized to include anisotropic effects from the single crystal grains in a poly-crystalline metal.
The reason anisotropic effects are important is that dislocations move through single crystal
grains which are much larger than a Burgers vector and may pass through grain boundaries,
but they never “see” an isotropic medium; Effective isotropic properties are at a macroscopic scale
of the polycrystal only.
As a first step towards a fully anisotropic model, we considered here the interaction between
dislocations and elastic constants of the anisotropic single crystal grains and an isotropic De-
bye phonon spectrum of the polycrystal. The Debye spectrum and several other approximations
greatly simplified the theory: In particular, we limited ourselves to monatomic lattices and con-
sidered the approximation of linear elasticity (i.e. small lattice displacements and small displace-
ment gradients). The continuum approximation, constant subsonic dislocation velocity as well as
neglecting dislocation core effects led to further significant simplifications. On the other hand, in
order to take into account the anisotropy of the single crystal grains to some extent, we derived
the dislocation gradient field in the full anisotropic theory for dislocations moving at constant
velocity. This “semi-isotropic” approach is considered as an intermediate step in an ongoing long-
term endeavor to include all anisotropic effects and the true phonon spectrum, but this is beyond
the scope of the current work.
Nonetheless, we already gained valuable insights, like the non-trivial dependence of the drag
coefficient on the dislocation character angle ϑ (between line sense and Burgers vector) shown
in Figures 5–8. Especially, the high velocity regime (i.e. close to transverse sound speed) changes
significantly if anisotropic effects are taken into account: The dislocation displacement gradient
field exhibits divergences at certain combinations of velocity and angle ϑ, and these are different
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from the purely isotropic approximation, which is not able to capture the rich interplay of crystal
and dislocation geometry and dislocation velocity.
Due to the lack of experimental data at high dislocation velocities, we could compare our
present predictions only in the “low” velocity limit, by which we mean the “viscous” regime of
about 1% transverse sound speed. Our results are within the range of experimental data for
copper and aluminum, but lower than the experimental results for iron and zinc. No experimental
data on the drag coefficient could be found for niobium or tin. Several reasons for this discrepancy
can be envisioned: First and foremost, we considered only the scattering with phonons within
an isotropic Debye spectrum, which deviates from the true one especially in the high frequency
regime. Taking into account the full anisotropic phonon spectrum might increase B, and more
so for some metals than others. Dislocation core effects, on the other hand, tend to decrease the
drag coefficient [9, 30]. Additionally, the interaction with grain boundaries may be a factor, as
well as high uncertainties in the experimental determination of dislocation drag (cf. the range of
experimental values for copper) as well as TOEC, which are both hard to measure accurately. In
particular, the uncertainties in the TOEC affect the accuracy of our present predictions, being one
of the major uncertainty sources. In comparing to MD simulation results at higher velocities we
see qualitative agreement, although our present first principle results show far more detail in the
velocity and dislocation character dependence.
In order to improve future predictions, it is worthwhile to study the full anisotropic phonon
spectrum. Additional and more accurate experimental data for TOEC as well as dislocation drag
(for comparison and validation) would also be very helpful. Further future improvements to be
considered include the full temperature dependence of B (work in progress), the inclusion of dis-
location core effects, as well as the generalization to dislocations accelerating to transonic and
supersonic speeds.
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A Appendix: Interaction Hamiltonian for phonon wind
We briefly summarize the most essential steps necessary to derive the Hamiltonian (2.1) and
subsequently the expression for the drag coefficient from phonon wind (2.5), and we refer to
Refs. [9, 30] for further details. Our starting point is the crystal potential, Taylor expanded in
terms of the finite Murnaghan strains ηi j = 12
(
Ui, j+U j,i+Uk,iUk, j
)
, where Ui, j = ∂ jUi are gradi-
ents of the displacement field in the continuum limit:
Φ=Φ0+Ci jηi j+ 12Ci jklηi jηkl +
1
3!
Ci jklmnηi jηklηmn+ . . . (A.1)
Furthermore, we assumeUi = udisi +u
ph
i consists of a linear superposition of displacements due to a
dislocation field udisi and phonons u
ph
i . Being interested in phonons scattering off the dislocation,
we then need only consider the kinetic term, bilinear in the phonons, and the interaction term
proportional to udisi,i′u
ph
j, j′u
ph
k,k′ (i.e. an interaction vertex with incoming phonon and outgoing phonon
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after scattering off a dislocation). Because ηi j is quadratic in the displacement gradients, we get
contributions to this interaction term depending on the second order as well as third order elastic
constants, see Eq. (2.3) above. For our computations we require the Fourier transforms of these
terms. The according expression for the dislocation udisi, j in the continuum limit is derived above
in Section 2.4, and upon choosing coordinates aligned in the zˆ direction with the dislocation sense
vector, its spatial dependence is only two-dimensional, i.e. udisi, j (x, y) (or di j(q,φ) in Fourier space
with polar coordinates).
The phonons are quantized in the usual way and written as
uphi =
√
ħ
2ρ
∑
q,s
ωs(~q)−1/2
(
a~qsei~q~x−iωs t+a†~qse−i~q~x+iωs t
)
wi(~q, s) , (A.2)
and since the only x dependence resides in the exponent, its gradient is easily derived, bringing
down factors ±i~q. The phonon creation and annihilation operators a†
~qs and a~qs, satisfy (2.2) and
the polarization vectors are orthonormal (cf. Section 2). Plugging this expression into
∫
d4xΦ
(Fourier transformed) and taking into account, apart from energy-momentum conservation, that
the only time-dependence of a steady-state continuum solution to the dislocation field in Fourier
space is via its “frequency” e−iΩq t, we find (among other terms which do not contribute to the
problem at hand) the Hamiltonian of (2.1). Finally, in order to arrive at (2.5), we additionally
approximated the sum over the phonon wave vectors by integrals over the first Brillouin zone
(BZ),
∑
~q→V ∫BZ d3q(2pi)3 , and wrote the latter in spherical coordinates. Hence, we approximate the
BZ by a sphere of the same volume leading to the relation (2pi)2/Vc = (4/3)pi/q3BZ between the radius
of this sphere qBZ in Fourier space and the unit cell volume Vc.
The drag coefficient B is defined via F =Bv, i.e. it is the proportionality of the force F needed to
maintain velocity v. Assuming that all the friction is dissipated as heat, and due to phonon wind,
one deduces that B = D/v2 and as described above, D can be computed via (2.4), subsequently
leading to (2.5) with the approximations outlined above.
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Figure 9: We highlight the importance of transverse phonons for the drag coefficient B by
showing the ratio of Btt from scattering purely transverse phonons over Ball = (Btt+Btl+Blt+
Bll) at the examples of aluminum and copper as functions of dislocation type ϑ and velocity βt.
While transverse phonons typically contribute 80% and more to B at low velocity, the other
branches (in particular the mixed ones) gain additional importance at higher velocities.
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As noted in Section 2.3 above, the most important contribution to B is due to the scattering
of purely transverse phonons in the (semi-)isotropic approximation, although the other branches
cannot be neglected either. Figure 9 quantifies this statement for the examples of fcc aluminum
and copper.
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